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Algebra and Number Theory

. Let P(z) = 2% + 22 — r22 — 2020 be a polynomial with roots r, s,t. What is P(1)?

Find the unique pair of positive integers (a,b) with a < b for which

2020 —a 2020 — b
a b

Let a = 256. Find the unique real number z > a? such that

log, log, log, x = log,= log,- log,- x.

. For positive integers n and k, let U(n, k) be the number of distinct prime divisors of n that are at least

k. For example, (90, 3) = 2, since the only prime factors of 90 that are at least 3 are 3 and 5. Find

the closest integer to
oo oo
2 > g
n=1k=1

A positive integer N is piquant if there exists a positive integer m such that if n; denotes the number
of digits in m® (in base 10), then ny +ng + -+ + n1g = N. Let pps denote the fraction of the first M
positive integers that are piquant. Find N}im DM-

—00

A polynomial P(z) is a base-n polynomial if it is of the form agx? + ag_ 129~ 1 + - + ayx + ag, where
each a; is an integer between 0 and n — 1 inclusive and a4 > 0. Find the largest positive integer n such
that for any real number c, there exists at most one base-n polynomial P(x) for which P(v/2++/3) = c.

Find the sum of all positive integers n for which

15-n!2+1
2n—3

is an integer.

Let P(x) be the unique polynomial of degree at most 2020 satisfying P(k?) = k for k = 0,1,2,.. ., 2020.
Compute P(2021%).

Let P(z) = 2%0?° +  + 2, which has 2020 distinct roots. Let Q(x) be the monic polynomial of degree
20220) whose roots are the pairwise products of the roots of P(z). Let « satisfy P(«) = 4. Compute
the sum of all possible values of Q(a?)2.

We define Fyo1[x] as the set of all polynomials in = with coefficients in Fyg; (the integers modulo 101
with usual addition and subtraction), so that two polynomials are equal if and only if the coefficients
of ¥ are equal in F¢; for each nonnegative integer k. For example, (z+3)(100z+5) = 10022 +2z+15
in Fy01[x] because the corresponding coefficients are equal modulo 101.

We say that f(z) € Fip1[z] is lucky if it has degree at most 1000 and there exist g(x), h(x) € Fio1[z]
such that

f@) = g(@) (@' = 1) + h(x)'" = ()
in Fyo1[x]. Find the number of lucky polynomials.



